
The impact of non-Fickian diffusion on entropy production in a simple model
T. DeBorde and A. S. Ware

University of Montana - Missoula

Recent theoretical work has suggested that the standard model of
Fickian diffusion is not appropriate for modeling inhomogeneous
systems [B. Ph. van Milligen, et al., Eur. J. Phys. 26, 913 (2005)].  As
an alternative, van Milligen et al. suggested a Fokker-Planck diffusivity
law, which can provide an explanation for the origin of a drift term that
is often too large to be explained by system asymmetries and external
forces.  The addition of this drift term to the Fickian diffusion model is
typically needed to experimental data. The particle flux from Fick's law
is given by ! F(x,t) = - D(x,t)"n(x,t)/" x, and the flux for the Fokker-
Planck diffusivity law is ! FP(x,t) = - " [D(x,t)n(x,t)]/"x.   In addition to
the particle flux, the energy flux, Q(x,t), is used to describe the time
evolution of the temperature. The Fickian energy flux is QF(x,t) = -#
(x,t)" [(3/2) n(x,t)T(x,t)]/ " x, while the Fokker-Planck model becomes
QFP(x,t) = -" [(3/2) #(x,t) n(x,t)T(x,t)]/ " x. One primary focus of this
work is to determine any significant difference in the entropy
production between the Fickian and Fokker-Planck fluxes.  In addition,
calculating the entropy production term for the model will be used to
help identify constraints placed on the parameters of the system in terms
of the Second Law of Thermodynamics.
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Abstract

M otivation
¥ van Milligen et al. have proposed Fokker-Planck fluxes as a

more complete model for diffusion.
! Fokker-Planck model can explain source of a drift term that

contributes to pinch terms.

¥ Work by Garbet et al. has motivated analysis in terms of the
entropy of the system.

¥ Recently Sanchez et al. have shown theoretically that the
Lorenz plasma:

! Obeys the Second Law of Thermodynamics when modeled with
Fokker-Planck diffusion.

! Is more accurately described with the Fokker-Planck model
than with the Fickian.

Fick ian Flux M odel

¥ The Fokker-Planck model describes the particle and energy
fluxes as:

¥ The Fokker-Planck model identifies a possible source of a
term that contributes to Vpinchn, namely -n$ DFP.

¥ The continuity equations for particles and energy in one
dimension for a region without sources or sinks are:

! The time evolution of the temperature is then:

¥ Starting with the entropy density defined as:

¥ The time evolution of the entropy density can be rewritten as
the sum of an entropy flux and entropy production term:

¥ The entropy production (! ) and the entropy ßux (" ) in terms
of the particle and energy ßux are:

¥ The entropy production must be greater than or equal to zero
! This places a constraint on the Fickian transport coefÞcients:

! If the density and temperature profiles are equal the constraint
becomes:

Constraints on Entropy Production:
Fick ian M odel

Constraints on Entropy Production:
Fokker-Planck M odel

Discussion

Copies of this poster can be downloaded at:
www.physics.umt.edu/plasma/downloads/aps2006_deborde.pdf

Goals

Fokker-Planck Flux M odel

Continui ty Equations

¥ The general constraint for the Fokker-Planck model is:

¥ For simpliÞed cases of uniform density or temperature, the
Fokker-Planck constraints for maintaining a positive entropy
production term become:
! Uniform density:

! Isothermal:

! While being qualitatively different, quantitatively the entropy
production for the two models is similar.

¥ The second law of thermodynamics places a constraint on the
transport coefÞcients for both Fickian and Fokker-Planck
models.

¥ Future Work:
! Perform longer runs to determine the nature of the steady states

that the systems approach.
! To verify, using the numerical model, the constraints on the

transport coefÞcients.

The Numerical  M odel

¥ Use simple one dimensional model to compare Fickian and
Fokker-Planck time evolution of temperature and density
fields.

¥ Compare the entropy production for Fickian and Fokker-
Planck models.

¥ Use the entropy production of the model to help determine
constraints placed on:

! Profiles of the fields and their gradients.
! Transport coefficients.

¥ Fickian diffusion gives the the particle and energy flux as:

where ! F is the particle flux, QF is the energy flux and #=3/2.
¥ At times a drift term is added to more accurately fit data:
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¥ The computational model was a C++ program using explicit
differentiation and consisting of a full and half grid.

! On the full grid are n, T, DFP, and #FP,
! On the half grid are " n/" x, " T/" x, DF, #F, $, and Q.
! Used centered finite differencing.

     where jf and jh are indices of the full and half grid, respectively.

¥ The model uses Neumann boundary conditions.
! The gradients at the edges are set on the half grid to match the

gradients of the fields at the edges.

¥ To keep a stable system the following constraint is imposed
up on the time-step used in integration:

! For a grid size of a thousand, the time step is typically near 10-5,

for transport coefficients with values less than unity.
! The fields have been normalized to around a value of one.
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¥ The initial results presented are for initial profiles of the
density and temperature and values of the transport
coefficients that result in equal fluxes at the edges before the
first time step.

¥ System Parameters for the following graphs:
! n(x,0)=0.3x2-1.2x+1.0
! T(x,0)=-0.5x2-0.4x+1.0
! D(n(x,0))=0.0160355+0.002/n(x,0)
! #(n(x,0))=0.000568798+0.002/n(x,0)
! dx=1/(1000-1)
! %t=0.000001
! Run for ten million steps with a total time of 10.

¥Fokker-Planck Density
Evolution

¥Fokker-Planck Temperature
Evolution

¥Fickian Density Evolution

¥Fickian Temperature
Evolution
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