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Local particle flux reversal under strongly sheared flow
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The advection of electron density by turbulentEÃB flow with linearly varying mean yields a
particle flux that can reverse sign at certain locations along the direction of magnetic shear. The
effect, calculated for strong flow shear, resides in the density-potential cross phase. It is produced by
the interplay between the inhomogeneities of magnetic shear and flow shear, but subject to a variety
of conditions and constraints. The regions of reversed flux tend to wash out if the turbulence consists
of closely spaced modes of different helicities, but survive if modes of a single helicity are relatively
isolated. The reversed flux becomes negligible if the electron density response is governed by
electron scales while the eigenmode is governed by ion scales. The relationship of these results to
experimentally observe flux reversals is discussed. ©2003 American Institute of Physics.
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I. INTRODUCTION

The suppression of turbulence byEÃB flow shear has
provided a compelling phenomenological paradigm for u
derstanding transport barriers and enhanced confinemen
gimes in fusion plasmas.1 However, under closer scrutiny,
is not difficult to find measurements whose details appea
be at odds with the suppression paradigm. One examp
the observation in a variety of devices of fluctuation lev
that change only slightly or even increase in a region
strong flow shear, but where transport is strong
suppressed.2–7 A second example is the observation that
regions of strong flow shear, the flux can actually reve
sign and become inward. This behavior appears as a re
ducible feature of probe-induced shear layers in sev
experiments,6,8 and has also been observed in internal
induced shear layers in the H mode and the heliac.9 In toka-
mak probe-induced shear-layers, the flux reversal occurs
ward the inside edge of the shear layer, in a region
positive shear, suggesting reproducible spatial structure.8

A key to understanding these phenomena is the c
phase. The cross phase is the difference between phas
the two fluctuating quantities that govern fluctuation-induc
transport fluxes. The behavior of the cross phase in reg
of strong flow shear has only recently come under study.10,11

This contrasts with extensive and widely pursued exam
tions of the effect of flow shear on fluctuation amplitudes.1,12

Where the cross phase has been measured, however,
observed that the cross phase can decrease in stro
sheared flow even when fluctuation amplitudes decrease
slightly, or increase. Recently, the cross phase was calcul
for a generic scalar advected by a turbulentEÃB flow with a
linearly varying mean.10 In a strong shear regime~shear rate
.turbulent decorrelation rate!, it was found that, like the
experimental observations,2–8 the cross phase decreases co
1061070-664X/2003/10(4)/1066/9/$20.00
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siderably more sharply with flow shear than does the par
the flux proportional to the absolute value of fluctuation a
plitudes. While this work was based on a simple model
passive scalar transport in a uniform magnetic field, rec
computational work in resistive ballooning mode turbulen
shows similar behavior.11

The simple model of Ref. 10 yields a positive defini
flux. Hence it cannot explain observations of locally revers
fluxes.8 Nonetheless, the flux of Ref. 10 has strong spa
nonuniformity, with a narrow mixing layer whose width i
proportional to the inverse of the shear strength, flanked
broad regions of strongly suppressed cross phase and t
port. Given the strong spatial variations of cross phase in
simple model, we ask what additional physics could ca
the cross phase to change sign.~By definition, the sign of the
flux resides in the cross phase, hence flux reversals o
where the cross phase changes sign.!

In this paper, we explore the above question by introd
ing a second, physically distinct inhomogeneity into the p
cess of scalar advection by inhomogeneous mean flow
relatively simple yet pervasive inhomogeneity is that of
sheared magnetic field. The interplay of magnetic shear
uniform flow shear is known to produce oscillations in t
eigenmode envelope of the dissipative trapped electron m
~DTEM!.13 The eigenmode operator of the DTEM problem
similar to the response of an electron density fluctuat
whose evolution is subject to bothEÃB advection and a
collisionally damped parallel flow.14 The behavior of the
DTEM eigenmode envelope, while suggestive, does no
itself guarantee flux reversal. The spatial structure of the fl
is governed by a spatial integral over the inverted den
response operator. To work out such details we specialize
scalar evolution of Ref. 10 to electron density and introdu
magnetic shear through a collisionally damped parallel flo
6 © 2003 American Institute of Physics
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The EÃB nonlinearity is renormalized, and the evolutio
operator is inverted using a Green function as in Ref.
Asymptotic techniques for strong shear allow for evaluat
of the spatial integral and yield a fairly simple expression
the flux. The electron density-potential cross phase is fo
to reverse sign, independent of the eigenmode structure

We are interested in the generic response of elec
density to turbulent advection in a mean flow with line
shear and a sheared magnetic field. However, to determ
whether the reversal of the cross phase carries over
reversal in the flux, we must consider the eigenmode st
ture. For concreteness we examine a passing particle n
diabatic electron response characteristic of edge condit
in the measurements cited above. It is convenient to trea
nonadiabatic electron density as the electron contributio
ion temperature gradient~ITG! turbulence. For ITG fluctua-
tions, the adiabatic electron density, which does not cont
ute to transport, combines with ion dynamics to fix the rad
mode structure and growth rate.15 The nonadiabatic electro
density fixes the particle transport, but makes little contrib
tion to the mode structure and growth rate. The ITG eig
mode, which weights the cross-phase response in the flu
centered in a region of positive flux. However, the eige
mode is displaced from the rational surface by a scale len
characteristic of ion dynamics. The region of maximum de
sity response is displaced by a scale length characterist
electron dynamics. As a result there is very little overlap
density response and eigenmode. All contributions to the
are highly suppressed, but the negative contributions
more suppressed than positive contributions. On the o
hand, if the eigenmode structure is controlled by elect
dynamics as is the case with dissipative electrons gove
by the Hasegawa–Wakatani model,16 the eigenmode and
density response have significant overlap. The cross p
reverses sign on the inside edge of a shifted eigenm
yielding a region of weak negative flux to the inside of
larger region of positive flux. This structure represents
contribution of the flux of a single helicity. If the turbulenc
has many helical modes whose spacing is smaller than m
widths, the negative feature is washed out in the spect
sum. For the combination of inhomogeneities under con
eration the shear must be large enough to affect elec
scales.

The spatial structure of the dissipative drift wave parti
flux described above and the strong shear threshold are
unlike features observed in probe-induced shear layers. H
ever, this work suggests that where flux reversals are
served in experiment the turbulence may have a spat
localized, quasicoherent feature that avoids the washing
of regions of negative flux by neighboring mode structur
This may arise from a turbulent diffusivity that is not un
form, or from a flow that is highly localized. Describin
turbulent structure in regions of nonuniform diffusivity o
localized flow is a difficult problem, hence the present wo
is restricted to the case of uniform diffusivity and unifor
flow shear. Accordingly, this work must be viewed as a pla
sibility study, showing that an anomalous particle flux c
have radially localized regions of negative sign, and indic
ing the conditions that favor reversals. Beyond that, limi
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tions in the model and calculation make comparison w
experimental details premature. Subsequent theory sh
calculate the eigenmode structure self-consistently with
electron density response. Moreover, other more potent,
difficult-to-handle, inhomogeneities should be consider
These include the inhomogeneity of the grad-B and cur
ture drifts that figure in the eigenmode of toroidal ITG tu
bulence, and the strong variation of the shear in the hig
localized flows of probe-induced transport barrier expe
ments. The strong variation of flow shear in highly localiz
flows may localize eigenmodes and isolate single helicit
or organize the flux so that contributions from differing h
licities produce a negative flux in the same region.

This paper is organized as follows. In Sec. II the ba
model is presented and the electron density evolution eq
tion is inverted to obtain the flux as the product of the flu
tuation magnitudes and an explicit expression for the cr
phase. In Sec. III the cross phase expression is analyze
zero crossings and plotted as a function of radius. This is
principal result of the paper. To anticipate the complete fl
structure, including the eigenmode structure, the assumed
havior of an ITG eigenmode is discussed. Implications
these results for measured fluxes and future theory are
cussed in Sec. IV.

II. MODEL AND CALCULATION

The electron particle flux is governed by the correlati
of the electron density fluctuationñ with the fluctuation of
the advecting flow. For radial transport by a turbulentEÃB
flow the flux is

G52Rê ñcB0
21¹f3z"x&

5Re(
k,v

icB0
21kyñk,v~x!f2k,2v~x!

52(
k,v

cB0
21kyuñk,vuuf2k,2vusindk,v , ~1!

where the brackets indicate an average over slab coordin
y andz, v is the Fourier frequency andk is the wave vector
of those directions, and2cB0

21¹f3z is the fluctuating
EÃB flow expressed in terms of the electrostatic potentialf.
The factor uñk,vuuf2k,2vu represents the amplitude depe
dence of the flux. The last equality defines the cross ph
dk,v as the difference between phases of the scalar and
electrostatic potential fluctuation. The coherence, which g
erally appears as an additional factor in the last expressio
assumed to be unity.

To describe the electron density fluctuation we consi
a collisional regime consistent with ion temperature gradi
turbulence with a collisional nonadiabatic electron dens
response.14 The electron density satisfies a continuity equ
tion subject to a fluctuating collisional flow along the ma
netic field and the perpendicularEÃB flow with mean and
fluctuating components. The parallel electron flow is go
erned by

neme

dv i

dt
1 ¹i pe5ene¹if2nemeyeiv i , ~2!
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wherenei is the electron–ion collision rate and other sym
bols have their usual meaning. For isothermal electrons
weak electron inertia the parallel flow fluctuation isv i

52(Te /n0meyei)¹iñ2(e/meyei)¹if ,wheren0 and Te are
the equilibrium electron density and temperature. With t
expression for parallel flow the electron continuity equat
is

]ñ

dt
2

Ve
2n0

yei
¹i

2S ef

Te
2

ñ

n0
D1v0~x!

]ñ

]y
2

c

B0
¹f3z•¹ñ

5
c

B0
¹f3z•¹n0~x!, ~3!

where the meanEÃB flow v0(x) is a poloidal flow with
radial shear, andVe is the electron thermal velocity. Intro
ducing the nonadiabatic electron density,he5ñ/n0

2ef/Te , the evolution equation forhe is given by

]he

]t
2

Ve
2

yei
¹ i

2he1v0~x!
]he

]y
2

c

B0
¹f3z•¹he

52S ]

]t
1v0~x!

]

]yD ef

Te
1

c

n0B0
¹f3z•¹n0~x!. ~4!

The mean flow is assumed to have a linear variation,v0(x)
5v0(xR)1(x2xR)v08 , wherexR is the position of a rationa
surface. Hereafterx will indicate the distance from the ratio
nal surface, i.e.,x2xR→x. We introduce a Fourier transform
for both time and they direction. Note that in general, th
flow does not vanish at the rational surface. However,
Doppler shift from this uniform flow component,kyv0(xR) is
adsorbed into the frequencyv, i.e., v2 ikyv0(xR)→v. The
turbulent frequency spectrumufk,vu2 typically develops
the same Doppler shift. This means that when the s
over frequency in the flux expression is carried out, the D
pler shift frequency dependence in the electron respo
@inversion of the left-hand side of Eq.~4!# is evaluated at
the Doppler shifted peak of the frequency spectru
As a result, the Doppler shift cancels out, and Eq.~1! be-
comes (kcB0

21kyuñk,vuuf2kusindk,vp
, where vp5v r(k)

1 iv i(k), v r(k) is the peak of the frequency spectrum f
wave numberk in the plasma frame, v i(k) is the width of
the spectrum, andufku2 is the magnitude of the frequenc
spectrum at its peak value. A sheared slab is assumed fo
magnetic field, with the usual result that under the Fou
transform,¹ i

2→2ky
2x2/Ls

2, whereLs is the magnetic shea
scale length.

The Fourier transform of Eq.~4! is

2 i ~v2kyv08x!hk,v~x!1
Ve

2ky
2x2

yeiLs
2 hk,v~x!

1 (
k8,v8

c

B0
F2 iky8fk8,v8

]

]x
hk2k8,v2v8

1 i ~ky2ky8!hk2k8,v2v8

]

]x
fk8,v8G

5 i ~v2kyv08x2v* !
efk,v

Te
, ~5!
nd

s

e

m
-

se

.

the
r

where v* 52(cTe /eB0)kyn0
21 dn0 /dx is the diamagnetic

frequency. We renormalize Eq.~5! using the eddy damped
quasinormal Markovian closure, adapted to the inhomo
neous nonlinearity. Details are given in Refs. 13 and
Under this procedure the nonlinearity is expressed as
amplitude-dependent diffusion and a nonlinear~amplitude-
dependent! damping rate. The resulting equation is

2 i ~v2kyv08x!hk,v~x!1
Ve

2ky
2x2

yeiLs
2 hk,v~x!

2
]

]x
Dk,v

]

]x
hk,v~x!1ky

2dk,vhk,v~x!

5 i ~v2kyv08x2v* !
efk,v

Te
, ~6!

where the turbulent diffusivitiesDk,v anddk,v are given by

Dk,v5 (
k8,v8

c2

B0
2 ky8~ky82ky!fk8,v8~x!Rk9,v9f2k8,2v8~x!,

dk,v5 (
k8,v8

c2~ky82ky!

B0
2ky

]fk8,v8
]x

Rk9,v9

]f2k8,2v8
]x

, ~7!

andRk9,v9 is the nonlinear response at wave numberk9[k
2k8 and frequencyv9[v2v8:

Rk9,v95F2 iv91 iky9xv081
Ve

2ky9
2x2

neiLs
2

2
]

]x
Dk9,v9

]

]x
2~ky2ky8!2dk9,v9G21

. ~8!

Note that the response atk9,v9 has been expanded about th
rational surface for the modek,v.

Our objective is to invert Eq.~6! to obtain the spatial
structure ofhk,v(x) consistent with the source on the righ
hand side and the spatial characteristics of the operato
the left-hand side. Note that the EDQNM closure yields
diffusivity that is nonuniform, with spatial variation arisin
both from the potentialf and the operator of the nonlinea
response, Eq.~8!. Given this nonuniformity, inversion of Eq
~6! is highly nontrivial. If the fluctuation spectrum has mod
at different locations inx ~corresponding to different rationa
surfaces!, such that the separation between adjacent mode
smaller than the spatial extent of individual modes, then
nonuniformity in the components ofD gets smoothed by the
sum over wave number. This situation is common when th
is magnetic shear, making the approximation of uniformD a
standard approximation. Even ifD is not uniform, the wave
number sum tends to makeD smoother thanh or R. In the
asymptotic limit of strong shear, this leads to singular lay
structure inh, with the nonuniformity ofD a higher order
variation. The diffusivity can be treated as uniform in det
mining leading order behavior. These arguments do not p
clude the possibility of a diffusivity with strong variatio
under certain circumstances. For example, near low o
rational surfaces the distance between rational surfaces
significant fluctuation activity can exceed the fluctuati
widths. In the vicinity of the low order surface the sum ov
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wave number does little smoothing. This situation has b
studied in a limited fashion with the result that turbulen
levels are essentially impervious to flow shear.13 Because the
effect on the particle flux was not determined, this is
interesting area for future investigation.

We proceed with the inversion of Eq.~6! for the case in
which the turbulent diffusivity is smooth. The inversion
accomplished with a Green function,

hk,v~z!5E dx8

3G~xux8!
i ~v2kyv08x82v* !

Dk,v

efk,v~x8!

Te
~9!

where the Green functionG(xux8) satisfies

d2

dx2 G~xux8!2Q~x!G~xux8!52d~x2x8!, ~10!

and

Q~x!5
1

D4 F S x2
iSD

2 D 2

2D2lG , ~11!

is an effective potential obtained by completing the squ
on the magnetic and flow shear inhomogeneities of the d
sity evolution, and

l52FS2

4
2 iSS v

vs
1

iky
2dk,v

vs
D G

is an effective eigenvalue. The potential and Green func
have a nominal, no-flow widthD, whose form

D5S Dk,vyeiLs
2

Ve
2ky

2 D 1/4

, ~12!

is typical for an electron response in the presence of dam
parallel electron flow. The potential is shifted bySD/2 along
the imaginaryx axis, whereS is the BDT shear strength,18

S5
kyv08D

Dk,v /D2 , ~13!

representing the ratio of theEÃB shearing rate,vs

5kyv08D, to the turbulent decorrelation rateD/D2.
The Green function can be obtained from exact soluti

of the homogeneous equationd2y/dx22Qy50, using either
Hermite polynomials as eigenmodes of the homogene
equation, or parabolic cylinder functions. The former giv
the expansion

G~xux8!5D (
n50

`

~2n1l!21

3expF2~x1 iSD/2!2

2D2 GexpF2~x82 iSD* /2!2

2D* 2 G
3HnS x1 iSD/2

D DHnS x82 iSD* /2

D* D , ~14!

while the latter gives a closed-form representation,
n

n

e
n-

n

ed

s

us
s

G~xux8!5
D

2

Ĝ~1/22l/2!

p1/2 US 2l

2
,
x.1 iSD/2

D/A2 D
3US 2l

2
,2

x,1 iSD/2

D/A2 D , ~15!

whereU is the parabolic cylinder function,19 Ĝ is the gamma
function, andx. (x,) is the larger~smaller! of x andx8. In
terms of either of these expressions the flux is given by

G52Re(
k,v

cB0
21kyf2k,2v~x!n0E

2`

`

dx8G~xux8!

3
~v2kyv08x82v* !

Dk,v

efk,v~x8!

Te
. ~16!

Neither Eq.~14! or ~15! allow the integral in Eq.~16! to be
evaluated in terms of an analytic expression using tabula
or simple functions. Therefore, we turn to asymptotic me
ods to infer basic scalings. The relevant limit for significa
suppression of transport is the limit of strong shear, or
asymptotic limitS→`. However, even in this limit, it is not
possible to evaluate the integral in Eq.~16! using Eq.~14! or
~15!, because the appropriate asymptotic expansions are
readily available in the reference literature. To proceed
return to Eq. ~10! and solve it approximately using
asymptotic methods.

In the asymptotic limit of strong shear,Q→`. Hence
asymptotic solutions for the homogeneous equation are
tained using WKB theory. From these solutions
asymptotic expansion of the Green function is constructed
matching across the singularity, yielding

G~xux8!;
D2

2g8S x81 iSD/2

D D
f S x1 iSD/2

D D
f S x81 iSD/2

D D
3expF2gS x.1 iSD/2

D D G
3expF1gS x,1 iSD/2

D D G , ~S→`!, ~17!

whereg8(y)5dg/dy, and

g~y!5
y

2
~y22l!1/2, ~18!

f ~y!5~y22l!21/4@y21~y22l!1/2#2l/2. ~19!

With the asymptotic Green function of Eq.~17! substituted
into Eq. ~16!, the integral can be evaluated using Laplac
method. The exponential functions inG(xux8) carry a factor
S3/2, making the exponentials vary more rapidly in the lim
of large shear than any other function inG(x8) or the flux
integral of Eq.~16!. For largeS the exponentials produce
boundary layer atx85x that dominates the flux integral an
allows integration via Laplace’s method. The resulting e
pression for the leading order asymptotic flux in the limit
large shear is
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G;2Re(
k,v

cTe

eB0

n0ky

2
Uefk,v~x!

Te
U2F v2v*

Dk,v /D22S
x

D
G

3

H F x2

D2 1
iSx

D
2 iSS v

vs

1
iky

2dk,v

vs
D GF x2

D22
iSx

D
2

S2

8
1

iS

2
S v

vs

2
iky

2dk,v

vs
D G 2J

UF x2

D2 1
iSx

D
2

S2

8
2

iS

2
S v

vs

1
iky

2dk,v

vs
D G 2U2 , ~S→`!. ~20!
d
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The flux has spatial structure arising from the eigenmo
envelopeufk,v(x)u2, and the remainingx-dependent terms
which originate with the density responseñk,v(x)/fk,v(x).
These two sources of spatial variation are separated in
~20!. This result does not require that the eigenmode h
smoother variation than the remaining terms in Eq.~20!,
which represent the integrated density response. Rathe
requires the limit of large shear. IfS is not sufficiently large,
higher order terms in the asymptotic expansion of the in
gral might be required for accuracy. These bring in deri
tives of the eigenmode and hence sample eigenmode v
tion in the integral of Eq.~16!.

The cross phase and the possibility of flux reversals
side in the density response, because the eigenmode e
lope is positive definite. The spatial structure of the dens
response is considerably more complicated than it is for
case in which the only homogeneity arose from the m
flow.10 The structure is in large measure nonlinear, and is
captured by the quasilinear approximation. For compari
the quasilinear flux is

G;2Re(
k,v

cTe

eB0

n0ky

2 Uefk,v~x!

Te
U2

3Fv2v*
v

2S
x

dGF12s
x

d
1 i

x2

d2G21

, ~21!

whered25(vyeiLs
2/Ve

2ky
2) ands5kyV08d/v.

The eigenmode envelope is also the spectrum of
electrostatic potential. We will model the frequency spectr
as a Lorentzian that peaks at a valuev5v r(k) and has a
width v i(k). The frequency of the peak is the linear mo
frequency shifted by the Doppler frequency of the flow atxR

and a nonlinear frequency.20 The width arises from the inco
herent drive of fluctuations by mode coupling, and is rela
to ReDk,v and Redk,v . With the frequency spectrum s
modeled, the sum overv in Eq. ~21! can be carried out. The
flux is unchanged from Eq.~20!, provided the sum is under
stood to be overk only, fk,v(x) is replaced byfk(x) , the
amplitude of the Lorentzian, andv in the remainder of the
expression is understood to bev r(k)1 iv i(k).

III. CROSS PHASE CHARACTERISTICS

The flux given in Eq.~20! is well behaved for real value
of x; zeros of the denominator are all complex. The flux
positive asymptotically asx→`. If the flux reverses sign
the factors in the numerator of the density response m
e

q.
e

it

-
-
ia-

-
ve-
y
e
n

ot
n

e

d

st

pass through zero for a real value ofx. While the density
response factor can be evaluated numerically and figu
showing the numerical evaluation appear below, it is use
to obtain analytical approximations for the zeros, as th
will provide the basis for scaling relations. We therefore e
amine the zeros of the seventh order polynomial that con
tutes the real part of the numerator of the density respon

ReH FS
x

D
2

v2v*
Dk,v /D2GF x2

D2 1
iSx

D
2 iSS v

vs
1

iky
2dk,v

vs
D G

3F x2

D22
iSx

D
2

S2

8
1

iS

2 S v

vs
2

iky
2dk,v

vs
D G2J 50. ~22!

It is often true that ReDk,v@Im Dk,v . We will simplify the
analysis of Eq.~22! by assuming thatDk,v ~and henceD! is
real.

Equation~22! is not factored because we must take t
real part of complex factors. The seventh order polynom
with real coefficients that results from this operation is co
plicated but zeros can be found approximately by assum
S@1 and using asymptotic analysis. We expand the zero
an asymptotic series inS, x5D(x(0)1S21x(1)1S22x(2)

1•••), and look first for zeros withx(0);O(1). Thelowest
order balance is

Sx~0!F215~x~0!!2S41
3

2
S5S v i~k!2ky

2 Re dk,v

vs
D G50,

~23!

where we recall thatvs5SDk,v /D2 implies that vs

5O(S). There are three order-unity zeros:

x;0, 6D
1

A10S v i~k!2ky
2 Redk,v

vs /S D 1/2

, ~S→`!.

~24!

The frequency spectrum linewidth typically represents a n
linear damping process, makingv i(k),0. If dk,v acts as a
saturation mechanism. Redk,v.0. In this case, the two ze
ros from the quadratic factor form a complex conjugate p
and the only order-unity zero for realx is x50. The remain-
ing zeros are singular, i.e., they scale asS to a positive
power. We assumex(0);O(S) and find a lowest order bal
ance given by

Sx~0!@~x~0!!61 3
4S

2~x~0!!42 15
16 S4~x~0!!2#50. ~25!
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The three roots withx(0)50 correspond to the order-unit
roots of Eq.~24!. The remaining four roots satisfy (x(0))2

5S2(236A24)/8. From the upper branch there are two r
zeros,

x56DSS A2423

8 D 1/2

'6
D

2
S ~26!

and from the lower branch there is a complex conjugate p

x56 iDSS A2413

8 D 1/2

. ~27!

Under this arrangement of three real zeros, the den
response is positive forx*Ds/2 and negative for 0,x
&Ds/2. For negative values ofx the flux is first positive
between 0 and2Ds/2, and then negative for2x*2Ds/2.
The full density response@the negative of everything to th
right of uefk(x)/Teu2 in Eq. ~20!# is plotted in Figs. 1–4 for
different values ofS and v i /v r . ~Recall that the density
response is only one component of a Fourier sum overk.!
Figures 1–3 represent parameters typical of ITG turbule
and Fig. 4 is typical of drift wave turbulence. The three re
zeros are clearly evident, as is their basic scaling withS. The
structure of positive and negative regions described abov
also evident. The magnitude of the minimum and maxim
inside the region of the outermost zeros (uxu'Ds/2) are
somewhat larger than those foruxu*Ds/2. The density re-
sponse is strongly suppressed by flow shear in the ce
region. Takingx;0 and substituting into the density re
sponse, we find that it goes roughly asS24. On the other
hand, the outer maximum and minimum, which peak n

FIG. 1. Full density response forS53, v r /vs50.3, v i /vs520.3, and
v* /vs50.1.

FIG. 2. Full density response forS56, v r /vs50.3, v i /vs520.3, and
v* /vs50.1.
l

ir,

ty

e
l

is

ral

r

x5DS, are essentially unaffected by flow shear. Takingx
5DS and substituting into the density response, we find t
it is of order unity in this region. This behavior is also ev
dent in the figures, which shows the central minimum b
coming less deep asS increases, while the rightmost maxim
is unchanged in magnitude.

This absence of scaling with the shear parameter in
outer lobes contrasts with the case where inhomogeneity
sides solely in the flow.10 There, transport is unimpeded b
flow shear only in a Kelvin mixing layer whose width de
creases as shear increases. Everywhere else transpo
strongly suppressed. The difference can be traced direct
the advection of potential,v0(x)]f/]y, in the source of the
nonadiabatic density. This term makes the source of
nonadiabatic density go asSx/D;S2, canceling a factorS22

from the inversion of the density response operator. In R
10, the flux was calculated directly from the full densityñ.
There was no factorv0(x)]f/]y in the source of the density
and the inverseS-scaling of the operator inversion governe
the response for largex. If the flux is calculated from the full
densityñ as in Ref. 10, we obtain the same result as obtai
with the nonadiabatic density. However, the additionalS2

scaling arising originally from the source of the nonadiaba
density has its origin in the inhomogeneity of the magne
shear damping. This inhomogeneity, and that of the flow,
in balance precisely atx5SD. Calculating the transport from
the densityñ, the magnetic shear damping term proportion
to the potential@second term of Eq.~3!# now enters the den
sity source as a term proportional tox2. At x5SD this term
is equal to the advective factor in the nonadiabatic sou
yielding the same flux. We conclude that the interaction
the inhomogeneity of magnetic shear damping and alinear

FIG. 3. Full density response forS510, v r /vs50.3, v i /vs520.3, and
v* /vs50.1.

FIG. 4. Full density response forS53, v r /vs50.3, v i /vs520.1, and
v* /vs50.3.
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flow shear inhomogeneityproduces a fundamental displac
ment x5SD ~where the frequencies of the two process
balance!, at which the density response has a local maxim
and is independent ofS. This is an outcome of the linear flow
shear profile, and shows that the cross phase is sensitiv
the flow profile. This matter is discussed further in Sec. I

We now consider the eigenmode envelopeufk(x)u2,
which weights the density response. The eigenmode e
lope is also affected by the interplay of quadratic and lin
inhomogeneities of magnetic shear damping and flow sh
However, the eigenmode potential is typically more comp
cated thanQ(x), the effective potential of the density re
sponse@Eq. ~11!#. We will consider two types of eigenmode
one whose scales are governed by ion dynamics, and
whose scales are governed by electron dynamics. For
former we have in mind the eigenmode of the fluid IT
instability in a sheared slab; for the latter, we consider dis
pative drift waves as modeled by the Hasegawa–Waka
equation. Both situations have complicated eigenmode p
lems whose solution and details are beyond the scope o
present theory, which emphasizes the nonlinear electron
sponse. However, the ITG eigenmode in the presence
strong flow shear has been studied,21 and we perform a
simple analysis to make a crude estimate of the scales a
ciated with features of the numerically evaluated eigenmo
For the Hasegawa–Wakatani eigenmode we simply note
scale of the magnetic shear damping, and contrast the s
tion to that of the ITG mode.

In simple models, like that of dissipative tapped electr
mode turbulence,13 the balance of the linear flow shear inh
mogeneity and the quadratic magnetic shear damping in
mogeneity unequivocally determines the shift of the eig
mode away from the mode rational surface. The eigenm
of ITG turbulence is considerably more complicated, but a
has a shift that increases with flow shear strength.21 The
eigenmode is governed by ion equations for vorticity, pr
sure, and parallel flow, and adiabatic electronic according
d2f/dx21P(x)f50, where

P~x!52ky
2rs

21
12v̄

v̄1~11h i !t
1

~Ln /Ls!
2x2/rs

2

v̄22~g/t!~Ln /Ls!
2x2 ,

~28!

v̄5@v1kyv08x#/v* ,g is the ratio of specific heats, andt
5Te/Ti . We note that forv08→`, the potentialP becomes
independent ofx. Consequently the shift cannot be found
simply taking the balance of the shear damping term and
other flow shear-dependent term in the limit of strong she
However, if we assume that the numerator of the second t
is dominated by the flow shear, while the frequencies in
denominators are dominated by the growth ratev* (1
1h i)t, the balance of these terms yields a shift that is p
portional to the flow shear,

xITG5rs
2S kyv08

v*
D ~11h i !tS Ls

Ln
D 2

. ~29!

The precise form of this shift or its scalings will not b
particularly important for the conclusions that follow. Wh
s
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will be is the fact that its overall scale is set by ion dynami
Evaluating the flux at this spatial position,

G;2(
k

cTe

eB0
n0kyUefk~xITG!

Te
U2

ky
2rs

2S D

D ITG
D 4

3
1

~11h i !t~Ls /Ln!

52(
k

cTe

eB0
n0kyUefk~xITG!

Te
U2

ky
2rs

2
v* yeiLn

2

Ve
2~11h i !t

, ~30!

where D ITG5rs(Ls /Ln)1/2(11h i)
1/2t1/2 is a nominal zero

flow-ITG linear mode width obtained usingv'v* (1
1h i)t. The zero-flow flux is

G5(~cTe /eB0!n0kyuef/Teu2~v i /v r !

'(~cTe /eB0!n0kyuef/Teu2.

Hence the factors to the right ofuef/Teu2 in Eq. ~30! are
reduction factors in the electron response, or cross phase
TEXTOR parameters,3 the reduction factor is O(1027). The
precise number is unimportant, given the crudeness of
approximations used in obtaining Eq.~7!. However, it is
clear that where there is a flow-shear-induced shift of
eigenmode set by ion scales and a flow-shear-induced
of the electron density response set by electron scales
large difference in these scales yields a very small overla
functions, and a correspondingly large reduction in the fl
The reduction is independent of shear becausexITG;v08 , as
discussed above. The reduction is so large that the flu
reduced below the levels of collision-driven fluxes, maki
the oscillations of the electron density response inconseq
tial.

We now consider the eigenmode of the Hasegaw
Wakatani model. The eigenmode structure is governed
electron dynamics. The magnetic shear inhomogeneity
(Ve

2n0 /yei)¹ i
2 in both the electron density equation and t

equation that governs the electrostatic potential. Con
quently scales are set by the electron parallel flow damp
both in the eigenmode envelope and the electron density
sponse. There are no unequal shifts set by the dispa
scales of ion and electron dynamics. We anticipate that
sign changes of the electron density response can em
from the weighting by the eigenmode envelope. If the eig
mode is shifted byx5SD, the eigenmode preferentiall
weights the positive lobe of the density response at the s
location. The negative lobe betweenx5SD/2 andx50 con-
tributes to the flux but with weaker weighting. Because t
eigenmode shift is to the right of the rational surface, t
density response structure to the left of the rational surf
overlaps with the eigenmode tail, and therefore has v
small magnitude. Details require a full eigenmode analy
which will be undertaken in future work.

We have essentially been looking at a single wave nu
ber k. The flux sums over wave number components
ufku2. In a system with magnetic shear the eigenfunctio
whose wave numbers represent different helicities are c
tered at different radial locations. If the linear flow she
variation extends over many rational surfaces, the eigenm
of each helicity has a similar shape. The sum then repres
a sum of fluxes with similar spatial structure, one for ea
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helicity, each displaced by the distance between rational
faces. For shifted eigenmodes governed by electron sc
the smaller negative flux contribution between 0,x,SD on
rational surface will be destroyed by positive flux contrib
tions of other helicities provided the separation between
tional surfaces is smaller than the width of the single helic
flux structure,xR22xR1&D. Negative flux contributions can
survive when this condition is violated, but in such a ca
that the diffusivity also starts to become nonuniform. It
more likely that the flux reversals observed experimenta
are associated with a localized region of strong shear.
localized region of strong shear affects substantially a sin
rational surface, the eigenmode and density response on
surface will be shifted away from the other unshifted eige
modes with little overlap from differing helicities. Again, th
diffusivity may be nonuniform in such a case. In the case
a nonuniform diffusivity the eigenmode structure can
modified in such a way as to defeat flow-shear-induc
stabilization.13 Because the shear-induced dephasing of
transport cross phase is a different process, it is likely t
the cross phase and transport are reduced even though
is little change in fluctuation level.

IV. CONCLUSIONS AND IMPLICATIONS

This study was motivated by observations of localiz
regions of reversed particle flux in several experiments.6,8,9

Because fluxes are typically thought of as being either u
formly outward, or uniformly inward, we have sought
determine if a locally reversed flux is possible under a sim
combination of inhomogeneities. If the only inhomogene
is that of uniform shear flow, the flux is uniformly outwar
If, however, a quadratically varying inhomogeneity fro
magnetic shear is included, a locally reversed flux is p
sible, subject to certain conditions and caveats. Locally
versed flux is not likely to be observable in ITG turbulenc
due to the wide separation of electron response and ei
mode functions. It can occur in fluctuations with a sing
scale, such as collisional drift waves, provided the spect
is dominated by a narrow range of helicities. Such a qu
coherent fluctuation spectrum may be favored by bia
probes, whose extremely strong flow shear may significa
alter eigenmode structures and the fluctuation spectrum
addition to answering the direct question of whether a loca
reversed flux is possible for a simple combination of inh
mogeneities, this work carries a variety of implications.

With a second inhomogeneity in the system, the cr
phase and transport are sensitive to the shape of the
profile. The shape of the profile potentially affects the spa
structure of the flux, the width of the mixing layer, and she
strength scalings. For the system considered here, the
early varyingEÃB shearing rate and the quadratically var
ing magnetic shear damping rate are in balance at a disp
mentx5SD from the rational surface. This causes the she
induced reduction of the density response function to
canceled by a matching increase in the density source. A
consequence, at precisely the point where the density
sponse is maximum, it is independent of the shearing ratS.
Moreover, the width of the mixing layer goes likeDx
r-
es,
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5SD. These effects arise from the interplay linear and q
dratic inhomogeneities. If the only inhomogeneity of the sy
tem comes from the flow, the mixing layer width goes lik
Dx;S21.10 In both cases the flow is the same. These diff
ences in shear scaling are due to the presence of the a
tional inhomogeneity of the magnetic field. The appare
universal nature of transport suppression byEÃB flow shear
applies only to homogeneous turbulence. In this regard tra
port suppression is similar to the turbulent structure functi
whose scaling symmetries are broken by inhomogeneity
turbulence. This means that in the presence of inhomoge
ity, a property intrinsic to confined plasmas, the behavior
transport in the presence of flow is sensitive to the flow p
file. If the turbulence is inhomogeneous on the scale of
flow variation, a low order Taylor-series expansion of t
flow ~e.g., to include only the linear or quadratic variation! is
insufficient to determine general transport behavior. This
true for the cross phase, as illustrated by the compariso
the results of Ref. 10 with those of the present study, bu
also true for turbulent amplitudes.

A locally reversed flux obviously has implications fo
the particle balance and density profile evolution. Absen
specification of sources and sinks, the present calculat
which yields a flux with nonzero gradient, implies that th
mean density must evolve. Because the calculation assu
a fixed gradient, the calculated flux is therefore instan
neous, and subject to change on the transport time sca
the density evolves. A locally inward flux tends to flatten t
density profile, eventually stopping transport in that regio
However, the experiments with observed flux reversals
presumably not in a relaxed steady state. To make comp
sense of them requires a knowledge of sources, sinks, c
sional fluxes, and possible poloidal asymmetry, all of wh
lie outside the scope of the present treatment. For exam
the reversed anomalous particle flux in CHS is exceede
magnitude by the neoclassical flux, yielding a net outwa
flux.6 The inward flux observation in TEXTOR,8 assuming it
characterizes stationary transport, and assuming that
anomalous flux is larger than the neoclassical flux, sugg
the need to check experimentally for poloidal asymmetry,
to consider the possibility of some self-regulatory process
source structure.

Fluxes that proceed up the gradient must not violate th
modynamic constraints, which apply to diagonal transp
terms in the transport matrix.~The particle flux driven by the
density gradient is a diagonal term.! For ITG turbulence, a
particle flux up the gradient is possible because it is driv
by free energy in the ion temperature gradient, an o
diagonal process. The only requirement is that the elec
contribution to the growth rate must be small.15 For colli-
sional drift wave fluctuations, particle transport is driven
the density gradient. Consequently a uniformly inward flux
possible only if the growth rate is negative.~For example,
collisional drift wave fluctuations, stabilized by the electro
temperature gradient, would drive a transient flux up the g
dient while they are decaying from some initial finite
amplitude level.! For a localized flux reversal, the thermod
namic constraint is less stringent. Because the growth
can be related to a radial integral over the particle flux
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locally inward flux is possible, provided the radially inte
grated flux is outward. This situation seems to be alm
guaranteed from the uniform shear flow considered here.
shear flow shifts the eigenmode to the rightmost region
positive flux, thus giving weaker weighting to the negati
flux region.

We have shown that the density response at a gi
wave number reverses sign in a strong shearing regime.
does not automatically guarantee that the flux reverses s
because contributions from other wave numbers may w
out the reversal. A consideration of the sum over wave nu
bers raises numerous complications, which may affect
flux in situations like those of experiments where local fl
reversals are observed. If the fluctuation structure has a
ficiently strong single helicity component for the revers
flux structure of the helicity to avoid being washed out
positive flux contributions from other helicities, it becom
much less likely that the assumption of a smooth diffusiv
remains valid. Having a smooth diffusivity was crucial f
the approximations made in this paper. Moreover, unde
spectrum with a strong single helicity component, it is n
likely that the eigenmode structure can be treated indep
dently of the electron response as it was for ITG. It a
appears likely that conditions that favor narrow helic
bands and flux reversals may require a shearing region th
strongly localized, not one that extends to arbitrarily lar
displacements. In such cases it appears important that t
retical analyses utilize experimentally realistic flow profil
over their entire extent. While detailed observations of loc
ized flux reversals have come mostly from probe induc
shear layers, it is probably true that localized flow profi
and nonuniform diffusivities may better typify conditions a
tendant to the H mode than the linear profiles and unifo
diffusivities that have been the staple of analysis. The co
plications enumerated in this paragraph generally have
been considered in calculating nonlinear fluxes and the c
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phase, and represent the direction in which future theoret
work should move.
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